Microvibrations, generally defined as low amplitude vibrations at frequencies up to 1 kHz, are now of critical importance in a number of areas. One such area is on-board spacecraft caxrying sensitive payloads, such as accurately targeted optical instruments or micro-gravity experiments, where the microvibrations are caused by the operation of other equipment, such as reaction wheels, necessary for its correct functioning. It is now well known that the suppression of such microvibrations to acceptable levels requires the use of active control techniques which, in turn, require sufficiently accurate and tractable models of the underlying dynamics on which to base controller design and initial performance evaluation. Previous work has developed a systematic procedure for obtaining a finite-dimensional state space model approximation of the underlying dynamics from the defining equations of motion which has then been shown to be a suitable basis for robust controller design. This modeling approach is based on the use of Lagrange's equations of motion and is one of a number of possible models possible in this area. In this paper, we describe the experimental validation of this model prior to experimental studies to determine the effectiveness of the designed controllers with the objective of establishing the effectiveness of this procedure both stand alone and against alternatives.
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Introduction
Over the last two decades, many authors have investigated the active control of panel vibrations -see, for example, the references in [l] . In order to design active control schemes it is desirable to have simple mathematical models of the plant, i.e. the panel with its sensors and actuators. These models have to be accurate enough to represent the essential dynamics of the structure and it is also very important to assess the precision with which these models reproduce/simulate the behaviour of the real system under consideration. This specific topic is addressed in this paper where various mathematical models are compared with each other and with experimental results.
The most suitable type of sensors and actuators for the active control of panel vibrations are piezoelectric patches bonded on the faces of the panel -see, for example, [2] . The main advantage in the use of piezoelectric patches is the minimum impact on the structure. In particular, they are non obtrusive and do not require a large amount of power or backing structures. Several techniques can be employed to produce mathematical models of this type of actively controlled structure as discussed briefly next.
Currently the Finite Element (FE) method is used widely in all areas of structural design and analysis, including the production of models for active control studies. The main advantage of the FE method, compared to other techniques, is the ease with which different types of complex structures can be modeled. However, the drawback of the method is the relatively large size/dimensions of the mathematical model produced.
For the particular case of panels, several authors have used mechanical impedance based models (see, for example [3]) as an alternative to the FE method. The interaction between an actuator and the structure is determined by applying equilibrium and compatibility relations at the edges of the patches, so that the actuator's presence is imposed on the underlying structure by a set of line moments/forces. Such models can be very efficient, although often the approximations involved (e.g. having to neglect the out-of-plane inertia of the piezoelectric element) can reduce the accuracy of the predicted response. ison with another mathematical model does not always guarantee that these models are able to reproduce the real behaviour of the system/plant. Also it is clearly essential to determine the effectiveness of this LRR approach against alternatives Several authors have compared response predictions for actively controlled panels with experimental results, although it is rare to f h d detailed descriptions of the experimental arrangements used. Since the differences between the results produced by the various mathematical models can be relatively small, the accuracy of the experimental rig is crucial. In this paper the design of an experimental rig to accurately represent a simply supported actively controlled panel is presented. Two mathematical techniques for modeling a piezoelectric actuated panel -the LRR approach and one alternative -are briefly described and the results obtained are compared with both experimental and FE generated data. This enables the sources of discrepancies between the models to be identified. Note here that attention to two mathematical modeling techniques is for ease of presentation only and other modeling techniques can also be easily included.) both analytically convenient and representative of practical applications. It is assumed that the panel is homogeneous and thin enough to be considered in a state of plane stress, which is justified for typical aerospace applications. A schematic diagram of the arrangement considered in this work is shown in Figure 1 .
In this setup, two patches of piezoelectric material are bonded onto opposite faces of the panel. The outer electrodes of the patches are electrically connected together and the plate, which is grounded, is used as the other electrode for both patches of the pair (with a compatible polling direction). In this configuration, when an external voltage is applied to the patches, one patch will expand and the other contract, thus producing a curvature in the panel. Similarly if the patches are used as sensors, a curvature of the panel (produced by vibration) will induce an electric field in the patches (proportional to the curvature), which can be measured at the electrodes.
A mathematical model of the system can be developed using the LRR procedure described by Aglietti et al [7] . This method is based on Lagrange's equations of motion which in the general case take the form:
Here T and U are the kinetic and potential energies of the system, and q; and Qi are the ith generalized co-ordinate and force respectively. The out-of-plane displacement of the panel is written in the form 
where the structure and computation of the elements in the matrices Kpl and KPzela,t can again be found in [7] .. Furthermore, due to the piezoelect.ric effect and the dielectric characteristic of the piezoelectric material, the patch also store energies denoted here by UpzeIastelcet and UpzeIcct respectively, and these can be expressed as:
where v is a vector containing the voltages asso- It is now a routine task to apply (1) to yield When all patches act as actuators, the associated voltages vi are externally driven (known) and so the displacement at any location on the panel can be calculated by solving (6) and substituting the modal displacements into (2). If the patches are used as sensors, the voltages at the patches can be considered as degrees of freedom and therefore the differentiation of the energies with respect to these voltages produces a further equation:
which can be used to calculate the voltages as a function of the modal co-ordinates. This expression can then be substituted into (6) to produce a complete set of equations in the unknown $J.
Once the modal displacements have been calculated, (7) can be used to calculate the voltages at the sensors.
As an alternative modeling approach, the socalled mechanical impedance (MI) modeling technique can be used. In this approach, the effect of using a piezoelectric patch as an actuator can be reproduced by using line moments which are applied along the edges of the patch. The main points of this modeling technique are summarized next with a full treatment in Zhou et al [8] .
The equations of motion of the piezoelectric patch, along the x and y axes, are taken as: where kpz is the wave number. Now the constitutive relationships of the piezoelectric material have the form:
where E is the electric field applied, and d is the piezoelectric constant. The stresses in (10) can written in terms of forces at the edge of the patch, which are
where Zzr,Zyy and Z,, are the mechanical impedances of the host structure at the edges of the patch. Equations (9) -(11) enable the constants A and B to be expressed in terms of the applied electrical potential E, and hence the forces Use of this last equation allows the response of the panel to be computed for an applied input E. The MI model has been implemented using MATLAB, and the results are compared with those obtained using (i) the LRR method, (ii) the FE model, and (111) the experimental results obtained from the test rig described in the next section (which also describes in more detail the construction of the particular FE model used).
Experimental Rig
A test rig for the simply supported panel configuration described in previous section has been built in order to experimentally verify/compare with the results produced by the mathematical models. One of the main problem areas was the realization of the simple supports along the edge of the panel. This problem, also addressed in detail by Aglietti and Cunningham [9] , was solved by suspending the panel horizontally using shims. This set-up produces a negligible rotational stiffness along the edge of the panel due to the high bending flexibility of the shim. At the same time, the high in-plane stiffness of the shim, which is clamped along its upper and lower edges, restrains the outof-plane (vertical) movements of the edge of the panel.
Note. Due to space limitations, all diagrams and pictures relative to this rig are not given here and can be found in [ll] .
The distance between the upper and lower clamped edges of the shim is 40 mm, the thickness of the shims is 0.052 mm, and the panel is bonded along the middle of the shim. The corner pieces (L-cross section segments of steel beam) onto which the shims are constrained are then bolted to a rigid frame. Another advantage of this type of support is that the out-of-plane flexibility of the shims allows expansion or contraction of the panel (due to temperature changes) without inducing large in plane pre-stresses in the panel.
The corner pieces (L-sections) which support the shims were bolted onto a 13 mm thick steel plate, with a rectangular cut-out machined in the centre of the plate to the dimensions of the aluminium alloy panel. This cut out is necessary in order to avoid standing acoustic waves that otherwise would be produced in the gap (cavity) between the aluminium panel and the steel plate. The four L-section steel beams were machined with a channel to produce a gap behind the shims. Four steel U-section beams were welded to the bottom of the plate to produce a box-like structure and thus increase the support stiffness.
The aluminium panel was bonded to the shims using epoxy adhesive. The panel was supported while the two long side shims were bonded first. Packing pieces were located behind the shims to prevent movement of the shims during the bonding process. Once the epoxy had cured, the short side shims were bonded to form the complete arrangement. The piezoelectric patches were bonded to the panel using epoxy. The complete test rig was suspended in a frame using four tension springs to provide freely supported boundary conditions to the supporting structure.
In the remainder of this section, we describe the construction of the FE model used in the comparative studies, starting with the panel with piezoelectric patches attached and then the complete rig.
FE Model of The Panel with Piezoelectric Patches
An FE model of the assembly considered here has been constructed using the commercial software package ANSYS. The model was composed of layered shell elements (ShellSl), with the areas of the piezoelectric patches modeled using three layers (piezoelectric material upper patch/aluminium/piezoelectric material lower patch). For the rest of the panel a single layer of aluminium was used. A critical task is to adequately model the driving force produced by the contraction/expansion of the piezoelectric patch when the input voltage is applied. In the FE model this effect has been represented by applying moments along the edges of the piezoelectric patch. This was done in order to keep the FE model as simple as possible without adding further degrees of freedom such as voltages or temperatures to produce shrinkingfexpansion of the patches. The moment applied to the edge of the patch is based on that originally developed and tested for beams by Brennan et al. [lo] .
FE Model of the Complete Rig
In the FE model of the whole assembly (i.e. the panel and supporting structure), the L-section beams which support the shims and the metal strips clamping the shims have been modeled using solid elements (with 6 degrees of freedom per node). The supporting plate and the U-channels welded underneath were modeled using shell elements. The L-sections were coupled to the frame by merging the nodes in the areas where the connecting bolts between these elements were located. The modes of vibration and the associated natural frequencies were first calculated with the whole assembly freely supported. Then a lumped mass (2g) was added to the model, representing an accelerometer positioned on the panel at x=50.8 mm and y=152.4 mm, and when the calculations were repeated a small decrease in the natural frequencies of vibration resulted.
Tests and Discussion of Results

Piezoelectric actuated panel
Before testing, the size and material properties of the aluminium panel were experimentally verified in order to confirm the input data to be used in the mathematical models. The density
46%
was verified using a precision scale, after which the Young's modulus was verified by comparing the measured resonant response frequency of the freely supported panel with the calculated natural frequencies of vibration obtained using an FE model. For the piezoelectric patches, size and density were verified experimentally. A series of tests was carried out using the experimental rig, exciting the piezoelectric patches with a sinusoidal signal of 2 V (peak to peak) over the frequency range 50 Hz to 500 Hz. The lowest limit of the frequency range was imposed to omit the rigid body motion of the system. The upper limit was fixed to avoid exciting the flexible modes of the supporting frame. The lowest natural frequency of the frame was at 550Hz and the shims have a natural frequency of 630Hz. Preliminary calculations indicated that there should be five panel resonances in the selected frequency range, which adequate for the purpose of the present work. The response of the panel was retrieved using an accelerometer (2g mass) positioned at x=50.8 mm and y=152.4 mm.
From the resulting frequency response functions (in [ll]), it is clear that all theoretical models agree very well with the experimental results.
However, a closer inspection shows that the MI model (in particular, the version implemented in this work) does not reproduce the response of the panel as accurately as the other methods. In particular, the resonant frequencies calculated using the MI model are consistently higher than those obtained using the other methods. The MI model effectively assumes that the piezoelectric patches are connected to the panel only along the patch edges, and compatibility between the panel and the patch is therefore not imposed in the patch interior. This has the effect of omitting the outof-plane inertia of the patch, and this explains why the natural frequencies predicted by the MI model are higher than both the other theoretical predictions and the experimental results.
In fact, the MI model predicts that adding a patch to a panel should increase the natural frequencies due to the increase in stiffness, whereas the FE method and the LRR model predict that the natural frequencies will be lower because of the predominant effect of the mass of the patch; the latter prediction is in agreement with the experimental results. As the thickness (and hence the mass and stiffness) of the patch is reduced the MI and LRR models agree more closely.
The LRR model agrees very well with the experimental results, and this is particularly relevant since the model only considers the first 6 by 6 mode shapes (36 degrees-of-freedom (dofs)) and still yields results of accuracy comparable with the FE model, which used approximately 3500
dofs. In addition the FE model results agree very well with the experimental' data, and this confirms that the method used to simulate the effect of the patches with line moments along the edges is accurate.
Piezoelectric Patches Working as Sensors
In many applications the piezoelectric patches are used as sensors and therefore a new set of tests was performed in order to verify the capability of the mathematical models to simulate this situation. The panel was forced using an Endevco impact hammer with an Isotron force transducer. The panel was tapped at the location x=254 mm and y=152.4 mm. The accelerometer was retained at the position x=50.8 mm and y=152.4 mm. The voltage produced at the electrodes of the piezoelectric patch was acquired using a Signal Processing Ltd four-channel data acquisition suite connected to a personal computer which operated using MATLAB software. A lumped mass of 2g was included in the LRR model to represent the mass of the accelerometer. The force and piezoelectric patch data were post-processed using the MATLAB "spectrum" function, and a rectangular window was used since the accelerai tion signal decayed significantly within the 3 second data window.
Overall Assembly Testing
The transfer function produced using the LRR and the FE models have compared with the experimental results. In the FE model the voltage produced at the electrodes of the patch was calculated from the difference of the slope (rotations of the nodes) at the opposite edges of the patch. The rotation of the nodes along each edge of the patch were averaged, and then the average along each line of nodes was subtracted from the average of the opposite line. This method, discussed in [lo] for piezoelectric patches bonded on beams, has been extrapolated here and used successfully for patches bonded on panels. The voltage at the electrodes of the patch in the FE model can also be obtained from the average strain in the patch multiplied by the piezoelectric constant. This method was also tested and yielded identical results.
Overall the FE prediction agrees very well with the experimental results apart from a slight discrepancy at low frequencies. A possible cause for this mismatch is the fact the rigid body modes of the frame could affect the FE results. The LRR model agrees with the experimental results across the whole frequency range investigated.
This paper has described the construction and experimental verification of an experimental rig to experimentally test the performance of active control laws for the suppression of microvibrations. The design of such control laws must obviously be based on approximate models of the underlying dynamics and several modeling techniques for constructing such models are available. Our particular approach is base on the LRR model of [7] and here it can be concluded that this approach produces the best agreement with measured results from the experimental rig with no active control action predicted. Hence it is to be expected that control laws designed using this model will give better levels of vibration suppression. Currently, the application of LRR model based control laws is underway and results from this work will be reported in due course.
